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ABSTRACT: We investigate non-relativistic limits of the N'=3 Chern-Simons matter sys-
tem in 142 dimensions. The relativistic theory can generate several inequivalent super
Schodinger invariant theories, depending on the degrees of freedom we choose to retain
in the non-relativistic limit. The maximally supersymmetric Schrodinger invariant the-
ory is obtained by keeping all particle degrees of freedom. The other descendants, where
particles and anti-particles coexist, are also Schrodinger invariant but preserve less super-
symmetries. Thus, we have a family of super Schrédinger invariant field theories produced
from the parent relativistic theory.
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1. Introduction

One of the hottest issues in AdS/CFT [[]-f] is its application to condensed matter physics
(CMP), dubbed as AdS/CMP correspondence. Gravitational duals for condensed mat-
ter systems such as superconductors [, [, quantum hall effects [f, [f] and entanglement
entropy [J are now proliferating in the recent studies of AdS/CMP correspondence (For
related progress and a review see [JJ-[[J and respectively).

While these attempts capture some essential aspects of condensed matter systems in
a non-trivial way, a noticeable point is that the systems dual to the gravity solutions are
typically relativistic. As a consequence, it is not always realistic to compare them with
experimental results since condensed matter systems realized in laboratories are typically
non-relativistic. Thus, the next step in the AdS/CFT context is to learn how to realize a
non-relativistic (NR) limit.



In this context, it would be important to gain much more insights into NR CFTs [[[4 -
R{]. Asa break-through in this direction, gravity duals of NR CFTs have been proposed and
further investigated in the literature [21-R§, B4 B3, P9, BJ. Among NR CFTs, theories
with dynamical exponent z = 2 are special, and they enjoy the Schrodinger symmetry [[L4,
[[§], which is a NR analog of the relativistic conformal symmetry. The name originates
from the fact that the symmetry was initially found as the maximal symmetry of a free
Schrodinger equation. From the purely field theory viewpoint, an example of Schrédinger
invariant field theories was proposed by Jackiw-Pi [Lf] based on the NR Chern-Simons
matter (CSM) system in 1+2 dimensions.

The Schrodinger symmetry can accommodate supersymmetries, in which case it is en-
hanced to a super Schrédinger symmetry [B4—B§ (For super Schrodinger invariant gravity
duals see [B(]). Super Schrodinger invariant field theories would be important like supercon-
formal field theories in our attempts to embed them into string theory. Recently the index
for NR SCFTs has also been formulated [Bg] and it plays a significant role in classifying the
theories. However, as far as we know, the supersymmetric Jackiw-Pi model (], which is
obtained by taking a NR limit of the N'=2 CSM system []], is the only example of super
Schrodinger invariant field theories with explicit action. It would be, therefore, impor-
tant to look for other examples in order to deduce some universal features of Schrédinger
symmetry and NR supersymmetry.

In this paper we consider NR limits of the N'=3 relativistic CSM system [i]. By
taking the standard NR limit with only particle degrees of freedom, a new N'=3 super
Schrodinger invariant CSM system is presented. By using the Noether method, the gener-
ators of the super Schrodinger algebra are constructed. As other examples of NR limits,
one may consider the mixed cases where particles and anti-particles coexist. The bosonic
Schrédinger symmetry still appears but the number of the preserved supersymmetries is
reduced. This statement seems general. The bosonic Schrédinger symmetry is independent
of the existence of anti-particles but the supersymmetries are affected by them. We empha-
size that the way we take the non-relativistic limit affects the symmetry of the resultant
non-relativistic theory, which is quite a novel feature.

Before closing the introduction, we should comment on the advantage to begin with
the A'=3 CSM system. The N'=3 supersymmetries has long been the maximum super-
symmetries in the conventional Chern-Simons matter system. This is a peculiarity to the
(142)-dimensional space-time, related to an ambiguity of spin. If we try to realize N'=3
supersymmetries in 143 dimensions, then the supersymmetries are inevitably enhanced to
N=4. Recent developments have shown that quiver-like gauge theories admit N’ = 4 or
greater with a judicious choice of the gauge group and representations [@f@.l Thus, as
far as the conventional Chern-Simons matter systems are concerned, it would be possible in
principle to realize all of the super Schrodinger invariant relatives starting from the N' = 3
theory, though we will not try to make a complete list here.

n particular, one of the theories contains Sp(2M) x O(1) ~ Sp(2M) single gauge field [@] We would
like to thank S. Lee for pointing out an erronous statement in the earlier version.



This paper is organized as follows. Section 2 is a short review of the relativistic N'=3
CSM system. In section 3 we study a NR limit of the N'=3 CSM system keeping only
the particles and derive a new N'=3 super Schrodinger invariant CSM system. In section
4 we discuss other NR limits of the N'=3 CSM system by mixing particles and anti-
particles. We still find the bosonic Schrodinger symmetry but the number of the preserved
supersymmetries is decreased. In section 5 we discuss a consistency of NR limits in detail.
Section 6 is devoted to a summary and discussions. In appendix A the dimensional counting
is explained. Appendix B describes the details of the spinor rotation.

2. N = 3 relativistic CSM system

Our starting point is the N'=3 relativistic CSM system in 142 dimensions [fJ]. We shall
give a short review below. Our convention used in this paper is also fixed here.

2.1 The action of the N = 3 relativistic CSM system

The Lagrangian of the N'=3 relativistic CSM system [[iZ] is composed of the CS term Lcs
and the matter part Ly as follows:2

Lra = Lcs+ Ly,
Log = ge“’”‘Aqu,\ = kAo Fia + %eijatA,-Aj (1,5 =1,2),

EM = _‘Du¢a‘2 - “;’Y“D;ﬂb - Z‘X’Y“DMX
2\ 2 2
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The matter action contains two complex scalar fields ¢, (a = 1,2) and two 2-component
complex fermions ¢ and y. From the quadratic parts, we identify the mass parameter

m?? = <i>2v4. (2.2)

The system is superconformal (at least at classical level) when v? = 0.

m as

In our convention, the sign of the space-time metric is (—, +, +), and we take the Dirac
representation for the gamma matrices,

’YO - _ia3 ) ’Yl =01, 72 =02. (23)

2We have recovered the speed of light ¢ explicitly. For dimensional analysis see appendix A.



The Dirac conjugate and covariant derivative are defined as

_ 1 ie
G=ul =Ty Di=0i+ A, Do=-0it Ay (24)

We note that [iJ] used the Majorana representation, but we have switched to the Dirac
basis that is convenient in the NR limit. Because of this change of spinor basis,® the
additional factor —ioy has appeared in the last two lines of (P1]). The oy combines with
v = —ioz in the Dirac conjugate, reducing to the standard epsilon tensor to make a

Lorentz scalar out of two (complex conjugated) fermions.

2.2 Supersymmetries

The relativistic N'=3 supersymmetries are given by

e _ * . * e —*. B * ES
§A, = Ealfyu(q/xzﬁz —io1x é1) + s el (—io19" b2 + x97)

+%5427u(—¢¢’f —i01Y% 1 — xP5 —io1X"P2), (2.5)
61 = i(—agiorx + ag)), (2.6)
dpg = i(—a1yp + azx), (2.7)
2
0 = —y'a1 Dy + ' aoD,dr + %(041% — 1) (v + [p1]* — |¢2]?)
2
2 (i1 (6165 + codnloal?), (28)

2
. * € . *
ox = —inf'o1a1 Dpdr + v agDuda + @(—201041% +anda) (V0 + |61]? = [f?)
22 . x 9 9
3 (i010161(¢2)" + az|d1[¢2). (2.9)

The above supersymmetry transformation has been adjusted to our notation from [4J].

We write the 2-component complex complex spinors as

o?)
Q= | (2 (a=1,2),
Qg

and we impose the Majorana condition on as, which relates the first and second compo-
nents as

af? = —i(alPy*. (2.10)

The number of independent components for «y is 2 in real (V=1 in 142 dimensions).
On the other hand, the number of independent components of a; is 4 in real (V=2 in
1+2 dimensions) and corresponds to the N'=2 supersymmetries of [i(J]. In total, the CSM
system with the Lagrangian (R.1) has A'=3 supersymmetries.

3For the details of the spinor rotation see appendix B.



3. NR limit of N'=3 CSM — All particle case

Let us discuss a non-relativistic limit of the N’'=3 CSM system. The CS term is not modified
via the NR limit, so we will not touch it for a while, and we concentrate on the matter

part only.
With the mass parameter m defined in (2.3), the matter fields are expanded as
1 . 2 . 2 A~
Vg = — [e_lmc Lo, + e'me t@:} (a=1,2),
V2m

b = /e |:e—im02t\I/ +eimc2tc@*:| 7
X = Ve [emerr L emiot] (3.1)

The symbol “hat” implies anti-particle and C' = io is a charge conjugation matrix.

There are several ways to take a NR limit in accordance with the content of the degrees
of freedom held in the limit. Here we shall take a natural choice: all of the particles are
held on and all of the anti-particles are discarded. That is,

o, =0 =T=0.

The truncation should be consistent and we will show that this limit is indeed a consistent
one in section .

The NR limit is obtained by substituting the decomposed fields (B.1) into (R.1]) and
then taking ¢ — oo limit. The oscillating terms can be ignored and the Lagrangian is
expanded in terms of 1/¢. The resulting first order Lagrangian is given by

ENR = Z(I)lDt(I)l — %(qu)l) (DZ(I)l) + Z(I)2Dt(1)2 — %(DZ@Q) (DZ(I)Q)

+iVi DV, — (Di¥1)*(D;Wq) +iY5D, Ty — (D;Y2)"(D;T2)

1 1
2m 2m
e
—— Fia(JUq 2 = [T = A (|®q]* — |Po|?
Sy (012 = Tal?) = A (|@1]* — |®2]*)
+3X (| D112 4 [D2]?) (JT1]* = [T2f?) — 4X (|D1]2[ T |* — |@2]* L2/?)
— 2\ (D1 DTS + DIDIVTy) + O(1/c2). (3.2)

Here the following quantities have been introduced

e?

Dy =c¢Dy = 0 +ieAy, A= .
2mekece
The absolute value of the fermions depends on the ordering. We define it as

02 = U0, , ITo2 = T30, (3.3)

In the derivation of (B.J) we used the fermion equations of motion

1 1
Vy=——D. T 1/c? Yi=—D.Y 1/c? 4
2 5D+ 1+0(1/c¢%), 1= 2 +0(1/c”), (3.4)



and removed Wy and T;. Here we have recombined the spatial covariant derivatives
as follows:

Hereafter we ignore the second order and higher order corrections in terms of 1/c.
For later purposes, we note that the Lagrangian contains an A" = 2 NR CSM theory [[(]

as a subsystem by setting
¢ =Ty =0,

up to the difference in conventions.

3.1 Schrodinger symmetry

It is turn to check symmetries of the NR Lagrangian, Lcs + £nr, with (Bd). We first
show that the NR Lagrangian possesses a Schrodinger symmetry.

The generators of Schrodinger symmetry. The transformation laws and correspond-
ing charges are summarized below:

1. time translation - 6t = —a
The transformation law is

5(131 = CLDt(I)l s (5(1)2 = aDt<I>2 s 5\1’1 = aDt\I/1 s 5T2 = aDtTg s
A9 =0, 0A; = ackFy; ,

and the generator is the Hamiltonian:
1 1
H= [ dx|=—(D;i®1)"(D;®1) + — (D;®2)*(D;®
[ | g (D (Dit) + (D12 (D22)

1 1
—(D;U )" (D; ¥ —(D;Y9)"(D;Y
+2m( 1) (Di¥q) + 2m( 2)"(D;Y2)

e
— Fio(| T2 = [Ta]?) + A (|®1]* — |®o]*
to— 12(| 1" — [Tol?) + A (1] — [P2|*)
=3A (| @112 + [@2]%) (1T1]2 = [T2]?) + 4N (| @1 [T [* — [@2]?T2[?)

+2i)\ ((I)lq)g\I’TT; + (I)’{(I)E\I/ng) . (36)

2. spatial translation - d2° = @ (i = 1,2)
The transformation law is

5@1 == —aiDifbl, 5@2 == —aiDZQQ, 5\If1 == —aiDi\Ifl, 5T2 == —aiDiTg,
6Ag = a'Fy;, 0A; = eja’Fiy (12 =—€1=1),

and the generator is the momentum:

Pi:/dzxpiv

2" * * * *
pi = —5 [(I)lDi(I)l — (DZ(I)l) (1)1 + (I)QDZ'(I)Q - (qu)g) (I)g



3. spatial rotation - 6z’ = QeI
The transformation law is

61 = —Oe;ja' D;®y 6By = —Oe;jx'D;j®y
50y = —fe;;ai DTy — %9@1, 0Ty = —Be;3° DTy + %012,
(5A() = 96ijxiF0j s 6Az = HxiFlg s

and the generator is the angular momentum:
y 1
J= /d% [emﬂjipj + 5(|\If1|2 — 2| . (3.8)

Note that for the fermionic fields the spin operators are contained. The relative sign
of the spin part are fixed from the last term in the Lagrangian (B.9).

4. Galilean boost - dx' = v't
The transformation law is

60y = (imv'a® — tv' D)@y, 6@y = (imv'z — tv'D;) Dy,
601 = (imv'z’ — tv' D)Wy, 0Ty = (imv'z’ — tv'D;) Yo,
5140 = t’UiFoZ' s 514@ = teijUjFlg s

and the corresponding generator is

G;=tP, — m/dzx Zip . (3.9)

5. dilatation - 6t = 2at, 0z’ = az’
The transformation law is

61 = —a[l+2'D; +2tDy| @1, 0Py = —a[l+a'D;+2tD;] ¥y,
oV = —a [1 + QZ‘ZDZ + 2tDt] Uy, 6To=—a [1 + :EZDZ + QtDt] Yo,
(5A() = aa:iFOi s 5142 = a(e,-jijlg — QCtF()Z') .

The corresponding generator is

D = —2tH + /d% z'p; . (3.10)



b Py U Ty
ULl 0 1 1 0
Ul |1 0 o0 1
Ul)s| 1 0 1 0
Ul o 1 o0 1

Table 1: The four U(1) symmetries
6. special conformal transformation - 6t = at?, dz* = atz’
The transformation law is
0P, = — <at — —ma(z)? + atz'D; + at’D; | @y,

dby = — (at - ima(xi)Z + atx'D; + at’ Dy | @y,

ST V)

o0, = — <at — Ema(:ni)2 + atx'D; + atth> Uy,

0 9 = — <at — %ma(a:i)2 + atz'D; + at’Dy ) T,
§Ag = atx'Fy; (3.11)
0A; = ateijaijm — at’cFy; ,
and the corresponding generator is
K =t*H +tD — %m /d2w (z')?p, (3.12)
where p is a particle density and defined as
p =101 + o] + [1]? + [Tof*. (3.13)

Note that it carries no space-time index in comparison with the relativistic confor-
mal case.

U(1) symmetries. In addition to the above generators, the mass operator

M = m/d2a:p (3.14)

is also a conserved quantity as a part of the Galilean algebra (or more precisely Bargmann
algebra). Here p is the number density and its integral is the total number. Hence M just
gives the total mass.

The conservation of M is related to U(1) symmetries. In this case the following four
U(1)s may be found (see table 1).

Thus, we have the four conserved quantities:

L :/d%; (1o + [ 01°), I :/d% (1112 + [1s[?) |

I = /d% (1@ +[01f?), L= /d% (|2 +[Yaf?) . (3.15)



The conservation of M follows from I + I5.

Note that one of U(1)’s can be absorbed by using the simultaneous phase transfor-
mation (i.e. Iy + Io = I3 + 1), so there remains U(1)?. By taking a linear combination
of (B.15), we can fix the three U(1)’s. One of them should be the mass parameter M . We
choose the remaining two as follows:

No= [ (B - o) (3.16)
Np = /d% (T2 — |T2?) . (3.17)

We have seen that Np generates the spin from the expression (B.§). We will see that
supercharges are eigenstates of Ng and N .

The Poisson brackets. In order to study the algebra, we compute the Poisson brackets
of the above generators. For the matter fields, by using the classical Poisson brackets

{®1(2), D} (2" }ps = —{@](2), 21(2/)}pp = —i6®) (x — '),
{®Pa(x), @5(2') b = —{P5(2), Pa(a')}pp = 6P (z — o),
{T1(2), Ui (2') }ps = {¥i(2), 1()}pp = —id® (x — '),
{Yo(2), Y52 o = {T5(x), To(2")}pn = —i6®) (z — 2')

one can compute the Poisson brackets of the bosonic generators
H P, J G;, D, K, M, N, Np. (3.18)

The number of the generatorsis 11 (=1+2+1+2+1+1+1+1+1). Henceforth we
represent the Poisson bracket for bosonic (fermionic) generators by [, | ({, })-

The treatment of the gauge field is more involved. Note that A; appears in the gener-
ators but Ag does not. For A;, by solving the equation of motion for Ay (the Gauss law

constraint) ,
e
Fig = —p,
K
we can obtain the explicit expression,
i € i
Aty = ~Ses0; [y Gla—potty). (3.19)
Gla—y) = —Infe— 2G(x —y) = 6P (x - 3.20
(@—y) =5 Infz—yl, FGr—y) =07 (x—y). (3.20)

Using (B.19) we can compute the Poisson bracket including A, .
The Schrodinger algebra. The resulting algebra is
[Piij] = [P“H] = [J,H] = [G“GJ] =0,
[J,P] = € P}, [J,Gi] = ;G [P, Gj] = 045 M, G, H] = - P,
(D, H] = 2H , D, K] = —2K |, [K,H] =D,



[D, P = F;, [D,J] =0, [D,Gi] = —Gi,
[KyPi]ZGia [Kv‘]]:[KaGi]:()’ [Mv*]:[NB’*]:[NFv*]:Ov (3'21)

where the symbol % in the Poisson brackets imply any bosonic generators. This is the
Schrodinger algebra. The three Poisson brackets in the third line of (B.21)) describe the
algebra of the one-dimensional conformal group SO(2,1). The algebra (B:21)) contains the
Bargmann algebra spanned by {H, P;, J, G;, M} as a subalgebra. This is a central extension
of the Galilean algebra spanned by {H, P;, J, G;} with the mass generator M .

It is easy to check the conservation of the generators with (B.21) and the following
Hamilton equation:

CZ—? = 88—1;1 + [A, H] (A : any generator) . (3.22)

Now that G;, D and K explicitly depend on the time t, they do not commute with the
Hamiltonian H but are still conserved.

3.2 Supersymmetries

Let us consider a non-relativistic limit of the original relativistic supersymmetries. In the
non-relativistic limit, the relativistic transformation law can be expanded in terms of c¢.
The non-relativistic analog of supersymmetry transformations are determined order by
order. For this purpose it is helpful to recall that

3
v = I{Ce;n and Ap~ O(1/c).

The NR supersymmetries. The supersymmetry transformation at the leading order
is given by

51(1)1 = vV2mc (—z‘agl)Tg + aél)*\lfl) s

01D = —V2mc (agl)*\lfl + ag2)*’f2),

(51\1’1 = vV2mc (agl)CI)g — Oégl)q)l) s

01 Te = V2me (—iagl)*<1>1 + ozg)q)g) ,

€ (1) % o (ke (1) g * . (1) *
01 Ag = a; U Ps — iy Yod —ay 'WiPy —iay Tod
1410 \/%KJ [ 1 1%2 1 2¥1 1 1+2 1 2%
SR T STl G S ol o S it o 39 I
0A; =0.

Note that the reality of A is preserved under the condition (R.10) . The leading supersym-
metry is often called the kinematical supersymmetry.

The second supersymmetry transformation is obtained from the next-to-leading order
in the NR limit and given by

0P = (Ozéz)*D+\Ifl + z'oz?)D_ Ts),
2mce
1 * *

02Py = (—oz§2) D, Uy + ozgl) D_7Y5),
2mc

— 10 —



0¥ = — 2mc(a§2)D_<I>2 - ozg)D_q)l),
1 *
02Ty = 2mc(—m§2) Dy ®1 + a0 Dy ),
€ * * . * %
52 Ag = W[—a§2) (D+\I’1)<I>2 —zoz§2) (D_TQ) D,

+aP (D01 )* By — i\ (D_T,) B2
+057" (D W)@ +iad)* (D4 W)
—aV*(D_Ty)d; — mg”*(p_n)*%] ,

By = [a§2>\1f’{<1>2 +iaDT50% + il T dy + alV T2<I>2] ,
mek
2’5’6 * * . * An sk * * . oleVat s
0o A_ = —\/2_ [—a?) Uy 05 —|—zo¢§2) 1501 + ozg) U, ¢7 —|—zozg2) T2<I>2] .
mck

The next-to-leading supersymmetry is often called the dynamical supersymmetry.

Here we should notice that agl) and a§2) are completely separated as in the case
of [iJ) (actually those correspond to N'=2 of [i(]), but agl) (equivalently ag)) appears in
both the leading and the next-to-leading supersymmetries. One might naively expect that
the NR supersymmetry should be enhanced after taking the NR limit. It is not the case,
however. By directly checking the symmetry, we can realize that the leading supersymmetry
is preserved while the next-to-leading one (for as) is broken due to the presence of the

interaction potential. Indeed, the last potential term in (B.J) breaks the symmetry.*

Supercharges. By using the Noether method, we can construct supercharges corre-
sponding to the above supersymmetry transformations.
The supercharges for the two leading supersymmetries are

QY — vam / P [B7F — iB W] (3.23)
QP =v2m / d?x [B5Ty + id Y] (3.24)

(up to rescaling \/c) and the supersymmetry transformations for the matter fields are
generated by, respectively,

Oégl)le) + le)*agl)*, Oéél) §2) + ng)*aél)* ‘
For example, the transformation in terms of the first charge (5&1) for ®; is given by

8= 01,0000 + Qo)

The next-to-leading supercharge is given by

Qs = \/% / 0 [~BID_Ty — iy(Dy 1) | (3.25)

“In the free field theory limit, the next-to-leading supersymmetry is a symmetry, but the algebra does
not close as a conventional supersymmetry algebra.

— 11 —



(up to rescaling 1/4/c) and the transformation for the matter fields are generated by
2 x  (2)*
oi?Qs + Q3al”

The algebra with supercharges. The Poisson brackets including supercharges only are

", Q"1 = (@, Q%) = —2im, QWM. Q1 = (@, QP"y =0,
@V, Q.) =0, V", Q5 =Py,
Q7. Q1 = 1@, @51 =0, {Qa,Q3} = —iH . (3.26)

In the derivation of the last Poisson bracket, we have used the Gauss law constraint

Fia = — (|@1 + @ + [W1* + [T2*) . (3.27)

e
K

The Poisson brackets of the bosonic generators (H, P;, J,G;, M, Ng, Nr) and the su-
percharges are

12, QWM =P, QP) = [P,Qa =0, [H,QV]= (H, QP = [H,Q2] =0

Q7= 501", Q.7 = 50 1,Qa = 5@s.
[GZ,Q = [G“Q = Q2. G = —iQ{" [Q2,G-] =0,
[NBv ] = ) [NF7Q1 ] = _ngl) ) [M7 le)] =0,
[N87 ] = _ZQl ; [NF7Q1 ] = _ZQ§2) ; [Mv Q§2)] = 07
[NB,Qz] =iQ2, [NF, Q2] = —iQ2, [M,Q2] =0. (3.28)

The above algebra and the Bargmann algebra give a closed subalgebra called super
Bargmann algebra. It is worthwhile mentioning that supercharges are eigenstates of Ng
and Ny . Thus Ng and Ny can be interpreted as R-charges.

Superconformal symmetry. Now there are conformal generators D and K . The fol-
lowing Poisson brackets yield a closed algebra:

0,0 = [K,Q] = [D,QP] = K, =0, [D,Qs]=Qs, (3.29)

but, for the Poisson bracket of K and ()5, we have to introduce a new generator .S describing
superconformal symmetry as follows:

[K, Q2] = —iS. (3.30)

Here S is explicitly given by

S = itQy — /% /d%x— (DI — Do TY) | (3.31)
1 : 2

where 7~ =z~ —ix”.
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While the superconformal transformation for the matter fields is generated by £S5 +
S*3* with the Poisson bracket as d® = [®, 5S + S*3*], it is not so trivial to fix the gauge
field transformation and it has not been done even for the N'=2 case [[i{]].

A key observation is to notice that the explicit ¢-dependence in front of Q2 in the
superconformal charge S gives the additional terms in the superconformal variation in the
action, but those are canceled out by the second term contribution in S. This cancellation
mechanism works also for the gauge field transformation and this strategy enables us to
derive the additional transformation explicitly.

The superconformal transformation law is shown to be

1 . jm
(5@1 = —EtﬂD_TQ‘FZ 5% 5T2,

1 m
5Dy = i3 Dy + |2t B
2 Nor B"D, Y, 5 B,

1 m
S0, = — ABD_®y — | 4™ BBy |
1 Nor B 2 5 B®o

1 m
0Ty = ————t3* D Py + iy — a5y,
2 o B*D; Py 5 [CA 3}
€ Lok * ok *
0Ag = m[lw Dy, @5 — t3%(D-_T2)"®y
+it3(D 1) @y + 3D _To ]
+ma” BBVt + i®ETy) — mat B (PEU, — D5,
21e
0A, = —— itV Dy — tBY9DT |,
Ve L]
T T Vmal =l |

It is easy to check that the action is indeed invariant under this transformation (B.39). As
a side remark, we note that the transformation law above (up on a trivial truncation of
fields) gives the missing gauge field transformations in the A” = 2 NR CSM system [[i(]

under the superconformal transformation.

The Poisson brackets of S and the bosonic generators are

(S, H] = —iQs, Py, 8] = QY PS5 =0, 7, 5] = %5,
19,G4] = 0, S.D]= S, 1S, K] =0,
[Ng, S| = iS, [Np, 8] = —iS, (M, S] = 0. (3.33)

The first Poisson bracket indicates the conservation of S as in (B.29) .
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Similarly, the Poisson brackets with the supercharges are found to be

(5,1} = (5,01 = {5,Q:} = {5,QP"} =0,
(8,5} = iK |
{Sv le)*} = _Z'G—v
7

1

Thus, we have shown that a set of the generators
H7 Pi7 J7 Gi7 D7 Kv Mv NBa NF? le), §2)7 Q27 S

spans a super Schrodinger algebra with 8 supercharges (in real components). We would
like to emphasize this super Schrodinger algebra has not appeared before in the literature
and it is a novel algebra.

3.3 The positivity of the hamiltonian

It is valuable to see the positivity of the Hamiltonian (B.4). From the expression of (B.6), the

positivity is quite non-trivial since (B.§) contains a quartic potential with the negative sign.

Nevertheless, the Hamiltonian is positive definite as required from the supersymmetry.
With the Gauss law constraint (B.27), we can drastically simplify (B.4) to

1 1
_ 2 * *
H= /d @ [—2 (D1®1)" D11 + 5 —(D-02) Dy

1 1
—(D_9)*D_¥ —— (D, Y)*D. Y
+2m( 1) 1+2m( +Y2)* D Yo

FON(D T — iDETo) (BT +i0aTE)| . (3.35)

This form of the Hamiltonian is manifestly semi-positive definite. In relation to the N' = 2
system, we note that by setting ®; = To = 0, the last term in (B.35) and the related
kinematic terms vanish and the Hamiltonian in [0 can be reproduced.

From the expression (B.37) it is easy to figure out the conditions for the lowest energy
solution. Those are given by the familiar ones

D1® = —iDy®q s D%y =iDyPy s DU =iDy Wy s D1T2 = —iDQTg s (336)
and the additional constraint
O U7 = iP5y . (3.37)

As a matter of course, the static soliton solution found in [[i(]] satisfies these conditions
when &1 = To = 0. However, if we try to turn on ®; and Y5 non-trivially, then we cannot
fix Ay and As consistently to ®5 and ¥ . It would be interesting to look for solutions of
different type. For example, spinor vortex solutions are disccused in [44].
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4. NR limit of N=3 CSM — mixed cases

In the previous section we have discussed the case that all the particles are kept and all
the anti-particles are discarded. However there is no reason why anti-particles are dropped
off. Hence we shall consider other NR limits containing anti-particles.

Recall that the matter fields are expanded as in (B.1]),

1 . 2 . 2, A
bo = —— | R, + MG (a=1,2),
V2m

T,Z) — \/E |:e—im02t\1, + eimcztcil*}
X = \/E [e—imc2tfr + eimcztc?*} )

There are actually several choices to take the NR limits containing anti-particles. We
cannot, however, freely choose the matter content kept in the NR limits if we take care of
the consistency of the limits with the parent theory. We will discuss the consistency of the
NR limits in section .

Here we shall pick up the following consistent cases:

1. the APPA case:
P =Py=V="T=0

2. the PAPA case:
Pr=Py=U=T=0.

The sequences of alphabets in the items indicate which of particle (P) and anti-particle

(A) is picked up in (¢1, ¢2,1, x) , respectively.®
We will discuss each of the cases below. We will not touch the CS term again and
concentrate on the matter part only.

4.1 A mixed case 1. - the APPA case

Here let us consider the following mixed case:
D=0y =T ="=0.
The matter content leads us to the following NR Lagrangian for the matter fields

L2 & AN A O\VE T F . Xk 1 *
£NR = Zq)lth)l — (qu)l) Dz<1>1 -+ Zq)thq)g — %(qu)g) qu)g

1
2m
—I—Z\IfTDt\I’l — ﬁ(DZ\IJI)*DZ\IJI + ZYSDtYQ — %(DZYQ)*IA)ZYQ

€
 2me
+3A (1812 + (@212 (]2 = |T2P)

—a0 (11202~ 0o T 2) + O(1/¢), (4.1)

P12 4 [T52) = A (18]~ [@,]*)

°In principle, we may keep both particle and anti-particle in a single field (B) or neither of them (N).
We will not consider here these cases such as BAPN in this paper.
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where we have introduced another covariant derivative, which is friendly to anti-particles,
- ie A . .
DzEal—?Az, Dt:CD():at—Zer.
In the derivation of (f.]) we used the fermion equations of motion
Uy=——D, ¥, YT =——D_T (4.2)
mc

and removed ¥y and Yl . Here we have also recombined ljl as
Dy =D, +iD,. (4.3)

Comparing (.J)) with (B.J), we note that the signs of the charges of anti-particles are
flipped and the last terms of (B.9) are missing. Again, one can reproduce the N'=2 action
in [E]] by setting ®; = T9 =0.

Schrodinger symmetry. The NR Lagrangian with ([.1]) still has the Schrodinger sym-
metry. The algebra can easily be derived in the same way as in the previous section. For
the bosonic generators the difference is just a sign of the charge e for anti-particles, so we
will not repeat the computation of the algebra here.

For the spin operators, the relative sign is not fixed since the Lagrangian (1) does
not contain the term like the last term in (B.J). In the mixed case, however, it is possible
to rotate ¥, and T, independently and there is an ambiguity for the definition of their
spins. Consequently, the undetermined relative sign does not cause any problem.

U(1) symmetries. There are four U(1) symmetries in this case and the number of each
of particles and anti-particles is conserved. The corresponding generators are

NBl = /d2$ |qA>1|2, NB2 = /d2$ |q)2|2,
NFl = /d2a: ’\1’1’2, NF2 = /d2x ‘?2‘2 .

Note that the mass operator M is proportional to a sum of them and not an independent
quantity.

The positivity of the hamiltonian. The original Hamiltonian is given by
1 A s ia 2 1 N
H = /d2x [%(Dz@l) D;®q + %(Dz@g) D;®, (4.4)

1 . ) AP

+%(Di\l’1) D;¥y + %(Dﬁb) D;Yy
e . .
—— P (|01 2+ [ Taf?) + A(|®1* — |Do*

+o— Fia([W1" + [Tof") + (81" — [@2])

=BA(|R1]? + [P2*) (1W1]? — [Tof?) + AN D12 W1]? — [B2f*|T2]?)

By using the Gauss law constraint

e A ~
Fip = ;(—|¢1|2+|¢2|2+|‘I’|2—|T2|2)a (4.5)
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this expression can be rewritten as
A 1
H = /d2 [ (Dy®)* Dy @1 + 5—(D-®3)" D,
1 . 1 o o A <
+%(D_\I'1) D_V, + %(D+T2) D, Yo . (4.6)

Thus, the Hamiltonian is semi-positive definite. The conditions for the lowest energy
solution are

Dy® =D _®y=D_U; =D, Ty =0. (4.7)

Supersymmetries. The supersymmetry transformation at the leading order is given by

510 =iV 2mca(2) T,, §1®y = — /2—mca§1)*\1117
0¥ = \/2mco¢§ )<I>2, 61Ty =i /—2mca§2)<i>1,
01Ay = \/26_771’6’{ [O‘gl)*\l’lq); _ agl)‘lfik@z o Z'Oé§2)*ﬁf2i>’{ B iagz)’f;(ﬁl

014; =0.

The second supersymmetry transformation is

Syy = — ;mc VD Ty, 5Py =— ;mc P D, v,

5ol = —\/;_mc P D_d,, 52Ty = ;mc VD, by,

62 Ao = —W[ P (D101)®; — of? (D1 01)* Dy
—I—iagl) T2<I>1 + zagl)(f)_'fg)*i)l ,

09 A_ = \/%K [agl)fﬁh +ia§2)*\IJ1<I>§] )

Now we should comment on the parameters of supersymmetry transformation. Fist of
all, aél) (or equivalently aéz)) is not contained in the NR supersymmetry. Secondly, agl)
and agz) are not separated. That is, those are common to both the leading and the next-to-
leading supersymmetries. According to the knowledge obtained in the previous section, we
may argue that all of the next-to-leading supersymmetries are broken due to the interaction
potential and all of the leading supersymmetries are preserved. Indeed, that is the case.
We can check this statement explicitly by acting the supersymmetry transformations to
the Lagrangian with ([.1)). In addition, since there is no next-to-leading supersymmetry,
we have no superconformal symmetry. In summary, we have two complex supercharges

= V2m /d% Dyt @ — \om /d% o135, (4.8)
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whose non-trivial Poisson brackets are given by

*

{Q§1)7Q§1) } = —2mi(Np2 + Nr1),
(Q7, Q") = —2mi(Ngy + Nps). (4.9)

Thus, we have found a less supersymmetric Schrodinger algebra in this case. That is,
the number of preserved supersymmetries is different according to the choice of NR limits
while the Schrédinger symmetry is still preserved.

4.2 A mixed case 2. - the PAPA case

As another possibility, let us consider the following mixed case:
=Py =V=7T=0,
which leads us to the following NR Lagrangian for the matter fields
- 1 . PRI | PP
£NR = Z(I)lDt(I)l — %(qu)l) Di(I)l + Z(I)th(I)Q — %(DZ®2) Di(I)Q
s 1 . o A | PP
+Z\I’1Dt\I/1 — %(DZ\IH) Dz\I’l + ZTQDtTg om (DZTQ) DZTQ
e 5 .
o (|9 P+ [ Taf?) = A (1] |5a)
L2V + [ T2f) D1 — | Do
3 (1012 + |92 (]2 = T2 )
—4A <|q>1|2|\1;1|2 - |$2|2|Y2|2>
FAN( P DT TS + BIPETL0 ) + O(1/c?) . (4.10)
In the derivation of (JLI0) we used the fermion equations of motion

1 -
Wy=———D, W Ti=-—-—D.T 4.11
2 2mec +*1 1 2me 2 ( )

and removed ¥y and Tl .

Schrédinger symmetry. The Lagrangian ([.1() still has the Schrédinger symmetry.
The algebra can easily be derived in the same way as in the previous section. For the
bosonic generators the different point is just a sign of the charge e for anti-particles. To
avoid the repetition, we will not present the computation of the algebra here.

U(1) symmetries. There are three U(1) symmetries. The corresponding generators are

Ng = /d% (|<1>1|2 - |<i>2|2) . Ny = /d% (|x111|2 - |Y2|2) :

and the mass operator M .

— 18 —



The positivity of the hamiltonian. The original Hamiltonian is given by
1 o s ..
H = /d2 [ (Di®1)" Di®y + 5 (Did)" Didy (4.12)
m
1
+—(DZ-\I/1)*D,-\I/1 + —(D;Y2)*D; Yy
m 2m

o X .
——Fio(|U1)? 4 [ T2?) + A(|®1|* — |Do|*
o Fia([1]7 + [T27) + A(| 21" — [@2])

=3A(|@1[* + Do) (|1 > — | T2 )
FAN(| D1 2|01 2 — | @22 T2|?) — AN( D1 Do WL TS + 15T W) |

By using the Gauss law constraint
e A .
Frp = E(|¢1|2—|¢2|2+|¢’|2—|T2|2)7 (4.13)
this expression can be rewritten as
1 o s .
H = /d2 [ (D, ®)* D, ®y + 2—(D_<I>2)*D_<I>2
m
1 . 1o en o
+—(D+\I’1) D, U, + —(D_TQ) D_7T,y
m 2m
FAN DTG + 5 ) (D5 Ty 4 DU | . (4.14)

Thus, the Hamiltonian is semi-positive definite. The conditions for the lowest energy
solution are

Dy® =D ®y=D, U, =D _Ty,=0, (4.15)
and the additional constraint

&T5 = —div, . (4.16)

Supersymmetries. The supersymmetry transformation at the leading order is given by

5101 = V2me ol Wy 51y = —v2me oSV T

5101 = —2mecaV @y 51Ty = V2me oV,

0140 = — \/%H (08770107 + il W1y + " T3, + 0l 1od5]
514; = 0.

and the one at the next-to-leading order is

1 (2)% - 1 @A <
001 = ——ay’ DUy, 6oPo = ay ' D_To,
2@ o 2 +W¥1 2P9 TV 2
PR P D_d 5yTy = — 1 o@D, &
2¥1 m 1, 212 \/%QQ +*2,
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_ e @)» PNCOE .
2o = G [% D010} + ol (D, 0y)* @y
—0452)* (ﬁ_?g)*(i)g zag ) D_T2®§:| y
2 (Drgs (D4 o
oAy = ————(0y U D + 5 Vo d3),
244+ mﬁ( 2 1+1 2 2 2)
SpA- = —— 2 (D0, 37 + oD Tbs) . (4.17)

First of all, note that the supersymmetry parameters ozga) (a = 1,2) are decoupled from

the NR supersymmetry. Then, a21 is not independent of a§2) and so the number of the
independent supersymmetry parameters is 2 (in real). The parameter is shared in both the
leading and the next-to-leading supersymmetries. Hence we guess that only the leading
supersymmetry is preserved and the next-to-leading is broken. As we can directly show, it
is really the case. Since the next-to-leading supersymmetry is broken, the corresponding
superconformal symmetry is also absent. In summary, the theory we have considered here
has an N'=1 supersymmetry in 14+2 dimensions. The non-trivial supersymmetry algebra

is given by
{Q1,Q1} = —2iM, (4.18)
where the supercharge is given by
Q1 = V2m / & [<I>1\I'“{ — 831, . (4.19)

4.3 Peculiar features of NR supersymmetry

Summarizing the results obtained in this section, we may deduce the following statements:

1) A Schrédinger symmetry always appears independently of the choice of NR
limits, but the number of preserved supersymmetries depends on the choice.

2) The NR limit with only the particles (or anti-particles) leads us to the same
number of the supersymmetries as the original relativistic theory. When includ-
ing anti-particles, some of the supersymmetries are broken or the supersymme-

tries are completely broken.

3) The supersymmetries in the original relativistic theory are not enhanced after
the NR limit.

4) If supersymmetry parameters are not separated after taking a NR limit, the
leading supersymmetries are preserved but the next-to-leading ones are broken.

It would be interesting to check the observations for other models.
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5. NR limit as consistent truncation

Let us describe a consistency of NR limits in detail from the viewpoint of the parent
relativistic theory i.e. the /=3 CSM system. The discussion here confirms the consistency
of the non-relativistic limit taken in the previous sections.

In [id], the authors addressed a consistency of NR limits in the bosonic CSM system
(Jackiw-Pi model). The original relativistic action was expanded by using the field expan-
sion like in (B.1]), and the conservation of the particle number and that of the anti-particle
number were checked. Since the anti-particle number is conserved independently of the
particle number, we can pick up a subsector with no anti-particle.

The similar argument should be applied for supersymmetric CSM systems. The U(1)
symmetries realized in the expanded action play an important role in this argument. In
the case of the N'=2 CSM system [i(] there are four U(1) symmetries and the number of
each of particles and anti-particles is conserved independently. Thus, there is no problem
to take any desired non-relativistic limit. However, the N'=3 CSM system has a more
complicated potential and we should be careful about the U(1) symmetries.

U(1) symmetries and conserved quantities. Inorder to check whether the conditions
are satisfied or not, we have to derive the expanded Lagrangian by substituting (B.)
into (R.J) without dropping off any of the particles and anti-particles.

The expanded Lagrangian at the first order of 1/c is composed of the kinetic terms for
the bosons and fermions, £g and Lg, respectively, and the Pauli interaction Lp,y;, the
four-boson interaction £45 and the boson-fermion interaction Lpp as follows:

L = Lp+ Lp + Lpauii + L4B + LBF, (5.1)
- Tk cE XY A 1 * N & 2
L = i@ D@ +i®] Dby — o <(DZ-<I>1) Dy + (Did1) D; )

+i®3 D,y + 103 Dy — 53— <(DZ-<I>2) Dy + (D;d2)* D; )

>e<>

o

1

Lr = WD + WD — o <(Di\II) Dy + (D0, D )
o 1 .

+iT§DtT2 + iT;DtTQ — % ((DZTQ)*DZTQ + (DZTQ)*DZTQ) R
e ~ A
auli = —=——Fio (|01 — | Tol? — [Ty 2 4 [ T2)?
Lpaul 2m612<\ 1|7 — |12 !1\+\2!>7
i = =2 (10 + 18) (1021 — foul? 101~ [62)

2%, P11 |¢>2|2|<i>2|2>} ,

— 21 —



P Py Py Py Uy Uy TQ TQ
0 0 0 1 0 0 0

w
S O O =

0 0
0 0
1 1

o O =

0 0 1 0
1 0 0 1
0 0 0 0

Table 2: The remaining four U(1) symmetries.

Lar = 3X (|9af? + [®af2) (1012 = a2 + [ 8] — T2 2)
+4/\[ 202 + B BT TS — BEDLT Ty + |Do)?| T2
— 21212 + QDU Ty + Dody T3 + |0 Ty
— @12 W1]? + [@of?| Tof? — @1 7| W4* + !@2!2\1”2!2}
—2i\ [2<1>l<i>>{qr{\if1 F BBy, + BI5T, Ty + 20,8575 T,
20D T T + BIDLT Yy + b Bl TE + 2@;@2%1%5] . (5.2)

Here we have used the fermion equations of motion and removed Ws , U, , T1 and T,.

From the Lagrangian (5.1) we can figure out the U(1) symmetries. The sensitive
interactions are +4\[...] and —2i\[...] in (b.9). Without these interactions there are eight
U(1) symmetries and the number of each field is conserved. In particular, the N'=2 CSM
system has no problem. The interaction +4\[...] yields eight U(1) symmetries in a non-
trivial way, but —2i\[...] breaks half of the U(1)’s. As a consequence, the four U(1)
symmetries are preserved (table ).

From U(1); and U(1)2 the total number of ®;, o, ¥; and Y9 is conserved. The total
number of &1, &5, U; and T is also conserved from U(1)3 and U(1),. Hence, by setting
the latter number to be zero, we can realize all particle case (the PPPP case) consistently
as in [[[§]. By using U(1); and U(1)3, we understand that the PAPA case is also consistent
to the argument in [[Lg].

However, only from the viewpoint of the consistent truncation of the matter content,
one may allow a weaker condition. We propose the following two criteria for the consistent
truncation of the fields in NR limits:

1. The total number of the matter fields picked up in the NR limit is conserved.
(strong condition)

2. The truncation of the field is consistent to all of the equations of motion.
(weak condition)

Note that if the strong condition is satisfied then the weak condition is also satisfied.

The PPPP case and the PAPA case satisfy the strong condition but the APPA case
does not. Still, the APPA case satisfies the weak condition. Hence the truncation is
consistent at the level of the equations of motion and it would still make sense at least at
the classical level. There would possibly be a subtlety at quantum mechanical level.
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On the other hand, an exotic case such as the PPPA case is excluded even by the weak
condition. In addition, the supersymmetries are completely broken.

Here, we have discussed the consistency of the matter field truncation in NR limits.
Nevertheless, it might be possible to consider a wider class of NR limits if we take the
stance to regard the NR limit as a generation technique of super Schrodinger invariant
field theories. It would be interesting to investigate whether the consistency of NR limits
is related to the consistency of the resulting NR theories.

6. Summary and discussion

We have presented new super Schrodinger invariant field theories by considering NR limits
of the N'=3 relativistic CSM system in 142 dimensions.

First, by taking a NR limit with only the particles, we have derived an N'=3 super
Schrodinger invariant CSM system. By using the standard Noether theorem, we explicitly
constructed the generators of the super Schrodinger symmetry and computed the Poisson
brackets of the generators.

Then, as other NR limits we have considered the two mixed cases: 1) the APPA case
and 2) the PAPA case. The bosonic Schrodinger symmetry still persists in both cases but
the number of the preserved supersymmetries decreased from N'=3 to N'=2 and N’ = 1
respectively. In particular, it is possible to find the supersymmetries only at the leading,
that is, no supersymmetries at the next-to-leading.

An interesting observation is that a less supersymmetric Schrédinger algebra is realized
depending on the matter content held on in taking the NR limit. In any NR limits the
bosonic Schrédinger symmetry is always preserved. On the other hand, the number of the
preserved supersymmetries depends on the matter content in the NR limit. In particular,
the inclusion of anti-particles would be sensitive only to supersymmetries.

It would be interesting to study the other NR limits we have not discussed here. In
principle, it can be done and several super Schrodinger algebras would be obtained. As
another direction, it would be interesting to investigate the NR symmetry in a broken
phase where (¢) # 0, though we have discussed only in a symmetric phase where (¢) = 0.

The full quantum treatment of the CSM theory should be investigated further. In par-
ticular, the full Schrodinger invariance might be broken by the non-zero beta function for
various coupling constants. With enough supersymmetries (N = 2 or higher), we can argue
that the beta function for our models vanish to all orders in perturbation theory. Thanks
to the supersymmetry, all the coupling constants are related to the charge e?/k of the
Chern-Simons theory, so we only have to study the renormalization of the photon polariza-
tion function. The perturbative corrections to the photon polarization function, however,
trivially vanish in the non-relativistic system just because it does not allow particle/anti-
particle pair creation, which can easily be seen from the retarded nature of the Green
functions for matters. This guarantees the vanishing beta function for the supersymmetric
theories to all orders in perturbation theory. One can also explicitly check that the per-
turbative beta function vanishes [[7, {§].° It would be interesting to investigate further

50One of the author Y.N. would like to thank Y. Nishida for discussions on this point.
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the situations in less supersymmetric theories descended from the same supersymmetric
parent theory.

The N'=3 NR CSM systems and their relatives, which contain a single gauge field,
have been studied well here. The next is to study the CSM system containing two gauge
fields like [[EJ—[H. It would be nice to investigate NR limits of the ABJM theory [[]. We
will report on this issue in the near future 9.

We hope that our method would be a clue to develop super Schrédinger invariant field
theories and could formulate some basic techniques there.
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A. Dimensional analysis

In order to take a NR limit, we need to recover the speed of light ¢, so let us check
dimensions of the fields and parameters contained in a relativistic CSM system. For this
purpose, it is enough to consider the A'=2 CSM system [[]] since the terms appearing in
the N'=3 CSM system are almost the same as in the N'=2 CSM system.

First of all, let us set [h] = 1. Since

A= ML*T 1 =1,

we obtain
[M]=TL2.

Accordingly, the action is dimensionless.
From the kinematic term | dtd?>xz0¢p0¢ , the dimension of the scalar field ¢ is

[¢] = L71/2.

Note that the mass term [ dtd?>zm?c?$? is consistent.
Next let us consider the self-interaction terms of ¢. From the quartic interaction
/ dtd2x’2b—,i2|¢|4 , we can figure out

f _ 1272
p .
Thus, the 6th order term [ dtdzajcf; |#|% is consistent.
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Now let us consider the dimension of the charge e from the Coulomb force F' in 1+2
dimensions:

It is easy to see that
] =T7! and k] =TL72.

Note that the CS coupling is dimensionful.
Then, from the covariant derivative D, = 0, +itA, , we find

[Au] =772,
Thus, the CS terms are also consistent.” For the fermionic field, the argument is the similar.

Non-relativistic case. After taking a NR limit, it is natural to set [M] = 1 and then
7] = [L?].

This is appropriate to a NR field theory with dynamical exponent z = 2 such as a
Schrodinger invariant field theory . Note that the CS coupling x becomes dimensionless.

B. The detail of the spinor rotation

In the original paper [ the gamma matrices are given in the Majorana representation

0 . 1 2
’YM:_Zo-Qu ’YM:O'?H ’YM:O-17

while each of the two fermion fields is a 2-component complex fermion defined as

<¢> :Tzz)l +i¢27
X

where ¢ (k =1,2) are real 4-component Majorana fermions i.e., (¢y)* = 9 .
In order to take a non-relativistic limit, it is convenient to move from the Majorana rep-
resentation to the Dirac one (P.J) . This can be done by using the following transformation:
WV =UWU, U=UU,, U=

(1+’i01), Uy = (1+’i0‘3).

L
V2

Sl

The following relations are available:
U'U =ioy, U'U* = —ioy.

Associated with this rotation, the original complex fermions 1), and x, are also rotated
to a new set of the complex fermions 9 and x in the Lagrangian.

"In (2.1a) of [@]7 k/4c should be replaced by /4. This replacement is consistent to (2.8) of [@] .
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The condition for s — The rotated Majorana condition. We should be careful
for the rotation in rewriting the supersymmetry transformation because a part of the
supersymmetry parameters is given in terms of Majorana spinor in the original paper [{J].

To see the connection between their Majorana condition and our condition, we note
that our spinor s is related to ayg as

o oW
a9y = 2 = U_l()éOQ = U_l 02 .
(2) (2)
Qg Qo2

By defining new real spinors

we obtain
agl) = oz(()_) - z'oz((f) , ozéz) = ag+) - iozg )
Thus, in our notation, the Majorana condition reads
2 (D) x
aff) = —i(a§")", (B.1)

and agl) and aéQ) are not independent. As an immediate consequence, the number of

independent components of as is 2 in real.
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